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An equation is derived governing the response of a non-rigid machine mounted by any 
number of isolators on a non-rigid foundation and excited by any number of input forces. 
The application of the equation to two simple problems is considered in detail. In the second 
example, both rigidly coupled and elastically coupled viscous dampers are considered. It 
is demonstrated how, from a knowledge of the response of the system when mounted on 
undamped isolators, an “optimum” value of isolator damping may be obtained. 

1. INTRODUCTION 

The problem of vibration isolation between non-rigid machines and foundations has been 
investigated by many other workers [l-6]. Rubin [I] was mainly interested in the isolation 
of fragile equipment from a vibrating supporting structure. He represented the machine by 
a rigid mass but considered the foundation as flexible. Ruzicka and Cavanaugh [2] were 
also interested in motion isolation and represented the machine by a free-free beam but 
considered the supporting structure as rigid. Hamme [3] was interested in reducing the force 
transmitted to the foundation by a vibrating machine which he also represented by a rigid 
mass. Sykes [4, 51 and Plunkett [6] considered both the machine and the foundation to 
possess a finite impedance. All the authors mentioned above simplified the analysis by reduc- 
ing the problems to single mount systems. 

The analysis of an equivalent single mount system will only prove satisfactory in cases 
where the system is symmetrical and vibrates with unidirectional translation only, and 
where the machine and foundation are resilient to the extent that an excitation at one mounting 
point will cause negligible vibration at the other mounting points. In many cases this is not 
true and it is shown later by reference to a simple example how this assumption can lead to 
the prediction of erroneous resonances. 

It is the purpose of this paper to provide a theory to calculate the overall response for 
systems containing any number of isolators when the machine and foundation are both 
non-rigid. The theory is equally valid for systems which move with unidirectional translation 
only, or for systems moving generally in a six-dimensional co-ordinate system. Symmetry is 
not assumed and coupling can exist between the mounting points and the different directions 
of motion. 

Essentially, there are two isolation problems to be considered : 

(i) the isolation between machine and foundation when excitation is caused by forces 
acting on the machine (e.g., due to out of balance rotating shafts); 

(ii) the isolation between equipment and foundation when the excitation is caused by 
motion of the foundation. 
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Although the theory presented is equally suited to both types of problem only the force 
isolation problem is considered here. The theory demonstrates how the mobility matrices 
(Appendix 1) describing the machine and foundation may be connected by the transfer 
matrix (Appendix 2) of the isolators. The only limitation is that all of the elements must be 
linear. The system may or may not possess damping. 

In certain circumstances the mobility matrices describing the machine or foundation may 
be easily calculated (e.g., if the foundation consists of a relatively simple network of uniform 
beams). In the majority of cases, experimentally measured quantities must be relied upon. 
In all cases, a high speed digital computer must be used to produce the numerical results. 

2. THEORY 

The general problem of force isolation is shown in Figure l(a), which shows a non-rigid 
machine A supported on r mounts on a non-rigid foundation C. The machine is excited by 
s-r sinusoidal forces of the same frequency. If necessary the analysis could readily be 
extended to deal with forces of differing frequencies. 

Excitation 
-____forces----- 

Non-rigid machine I 

hr+l,A 4r+2)A-------+A 

Figure 1. (a) The general problem of force isolation; (b) the system divided into a convenient set 
of subsystems. The arrows define the positive directions of the forces and velocities. 

The problem is shown divided into a convenient set of sub-systems in Figure l(b). The 
notation and positive directions of the forces and velocities throughout the system are 
defined on this figure. 

The equation governing the machine is 

u*=AP* (1) 

where A is a s x s matrix of velocity mobilities and UA and PA are column vectors of the 
velocities and forces acting on the machine, the positive directions of which are as indicated 
in Figure l(b). I 
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This can be conveniently partitioned as follows : 

E:] = [t;: ;:j E:] (2) 

where A, I is a r x r square matrix representing the mobilities at the mounting points, A,2 is 
a I x (s - r) matrix, A,, is a (s - r) x r matrix, AZ2 is a (s - r) x (s - r) matrix, Uy’ and 
Py) are 1 to Y column vectors representing the velocities and forces in the isolators and 
Uy) and Pp) are (r + 1) to s column vectors representing the input velocities (unknown) and 
forces (known). 

Similarly the equation governing the foundation is 

Vc = CQc (3) 

where C is a r x r matrix of mobilities and Vc and Qc are column vectors of velocities and 
forces acting on the foundation. 

For the ith isolator (1 < i < r) the four-pole equation is 

where p(t) are the four pole parameters of the ith isolator. 
Expanding equation (4) we have 

J’$’ = pi’; Q$) + f$: @, 

u$) = fi$‘1’ Q;) + pi:’ J/g’. 

Thus for all isolators 1 to r 

(4) 

PB = diagV+ J QB + sag (W VB9 (5) 
Us = diag (IL) QB + diag (Bx) Vs, (6) 

where diag(B) are rth order diagonal matrices having elements flu), and UBVB, QBPB are 
column vectors representing velocities and forces. 

Applying the conditions for force equilibrium and motion compatibility at the junctions, 

P2’= P, =P,, say 9 
Uy) = -UB = U,, say, (7) 

Qc= QB = Q, say, 
and 

V, = VB =V, say. 
Also let Py’ = Pz and Uy) = Uz. 

Substituting these conditions into equations (2) (3) (4), (5) and (6) and rearranging we 
obtain 

Q=-[diag(Bz,)+A,,.diag(B,,)+diag(B,,).C+A,,.diag(B,,).C]-’.A,,.P2. (8) 

Equation (8) relates the forces Q, acting on the foundations at each mounting point to 
the known input forces P2 and hence gives a measure of the overall transmissibility of the 
system. 

Also, 

UZ=(-A21.Ediag(B,,)+diag(B,,).C].[diag(B,,)+A,,.diag(B,,)+diag(B,,).C+ 
+A,,.diag(B,,).C]-‘.A,,+A,,}.P,. (9) 

Equation (9) relates the input velocities U2 to the known input forces. Moreover, 

U, = -[diag (B,,) + diag (B&. Cl. Q (10) 
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and 
V=C.Q. (11) 

Equations (10) and (11) combined with equation (8) will give the motion of the machine 
and foundation at the isolator attachment points. 

All the equations contain the common inverted matrix 

~=[diag(B,,)+A,,.diag(B,,)+diag(B,3.C+A,,.diag(B1,).C] 

from which in the simple undamped case the frequency equation may be derived as 

IQ = 0. (12) 
In the general case when damping is present the elements of the matrices become complex 

numbers and equation (12) is meaningless. 
Equations (8) and (9) apply for any type of linear isolator. For isolators which contain 

no masslike elements the following identities always exist with subsequent simplification 
of the equations (8) to (11) : 

diag(B,,) = 0 and diag(B,,) = diag(B,J = I. 

The equations may be further reduced for the extreme case of no isolation when 
diag (B2,) = 0. 

Wave effects, which may occur in the mounts at higher frequencies, may be included by 
suitably modifying the four pole parameters [7]. 

To illustrate the use of the equations two simple examples are considered. 
The lirst example is a very simple lumped element network, the results for which may 

easily be verified by an alternative analysis. The second example consists of a network of 
simple beams to represent a non-rigid machine and foundation and demonstrates the effect 
of the flexibilities in the systems. 

3. EXAMPLE I 

Consider the lumped element system shown in Figure 2. 

Machine 

kt 
6 

Isolator 

II ---._-._..__ 

m2 Foundation 

kz 

Figure 2. Two degree-of-freedom system. 

The velocity mobility matrix for the machine, correctly partitioned is 
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The “matrices” governing the isolator are 

B,, = Bz2 = 1, B12 = 0 and B,, = jwlk,. 

The mobility “matrix” for the foundation is 

c=~--- 
k2 -mmzw2’ 

Direct substitution into equations (8) and (9) gives 

F2 = kdk2 - m2 ~‘1 
(k, _ m,u2)(k2-m2c02)-k,m,w2 I .F, 

and 

‘I= 
j Kk, + kJ w - m2 w21 

(k, _ 

These results may readily be verified by the classical method of forming and solving the 
differential equations of motion [8]. 

4. EXAMPLE II 

A more extensive use of the equations together with an insight into the problems associated 
with isolation of flexible systems is provided by the three beam system shown in Figure 3. 
Beams are easily analysed mathematically and yet possess an infinite number of modes of 
vibration and thus form a realistic simulation of a flexible machine/foundation problem. 

Figure 3. Simulation of a non-rigid machine mounted on a non-rigid foundation by a system of 
simple beams. The inset shows the isolator forms investigated. 

In this investigation the upper beam is assumed to represent a non-rigid machine and the 
lower beams to represent the non-rigid foundation. The effect of introducing various isolators 
is studied in detail. For simplicity the beams are assumed to be all identical and of square 
cross-section. 

The force transmissibility of the system is plotted in decibels and is defined as follows: 

T = 20 log (2F2/F,). (13) 

The symmetry of the system renders the force transmitted to each limb equal. 
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The results for both foundation and machine motion are obtained by computing the 
transfer and driving point mobilities, respectively, between the required motion and the 
input force. Thus for the foundation and machine response, V,/F, and VJF, are computed, 
respectively. (An alternative way of looking at this is to consider the motion response curves 
as representing the velocity obtained when the system is excited by a sinusoidal force of unit 
amplitude.) 

The results have been presented in dimensionless form by defining a reference frequency 
w, in terms of the beam parameters, equation (14), and a reference mobility M,., equation (15), 
which is equal to the mobility at frequency w, of a lumped mass equal to the mass of the 
beam : 

(14) 

where m is the mass of the .beam. 

M, = -j/m+ (15) 

Although for the results presented in this paper the series form of the beam equation was 
used [8], the closed form solution [9-141 is equally acceptable. In order to provide a limit 
to the amplitudes at resonance, damping of the solid type is introduced into the beam equation 
by replacing E by E(1 + jS) [9], The value of 6 has been nominally chosen as O-01 (to represent 
an untreated metal) and has been kept constant throughout the calculations. 

The elements for the foundation mobility matrix are computed from the mobility equation 
for a simply-supported beam and those of the machine matrix are computed from the mobility 
equation for a free-free beam and therefore include the usual rigid body modes of vibration 
[14, 151. The driving point mobilities for the machine and the foundation at the mounting 
points are shown in Figure 4. A mass-like behaviour for the machine and a spring-like 
behaviour for the foundation are clearly perceptible. If the problem is to be analysed simply 
by reducing it to a single-mount system these two curves will be used to represent the machine 
and foundation. 

4.1. THE EFFECTS OF SIMPLIFYING THE ANALYSIS TO A SINGLE-MOUNT CASE 

Sykes [5] infers that this type of analysis may be used with reasonable success if the system 
is symmetrical or if decoupling exists between the mounting points. It is now shown that the 
single-mount theory is only valid if both these conditions are satisfied. 

For the simple undamped and non-isolated case the frequency equation [14] of the system 
is 

IA+CI =O. 

Since only a two-mount system is being considered this equation may be written in full as 

But the foundation mounting points are decoupled and the system is symmetrical; therefore, 

ciz = c2i = 0, 

4 1 = a227 

and Cl1 = c22 

from which the frequency equation reduces to 

(al, + c,i>2 - Lzi2.%, = 0. 
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Figure 4. Mobility ratios for the machine and foundation at the isolator attachment 
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Single-mount isolation theory would provide the frequency equation in the form 
a11 + c11 = 0 and hence is only valid if u,2 --f 0 (i.e., if the machine mounting points are also 
decoupled). 

If single-mount theory is used for this three beam system then the natural frequencies occur 
whenever the mobilities of one system are equal in magnitude but opposite in phase with 
the mobilities of the second system. This condition is satisfied whenever a “positive” limb 
of one mobility curve crosses a “negative” limb of the other [14] as indicated by the dots 
on Figure 4. Columns 6 and 7 of Table 1 show the comparison between predicted natural 
frequencies in the non-isolated case when both single- and multi-mount isolation theory is 
used. Note that single-mount theory produces erroneous asymmetric resonances. 

TABLE 1 

System natural frequency ratios for undamped isolators 

Isolator stiffness ratio Predicted 
Rigid from single 

Foundationt Machine? 0.03 0.3 3 mount mount theory 
____. ___~~__. 

0 
1.70 4.29 5.92 6.18 7.98 

9.85 
10.01 11.17 1364 14.32 17.54 

22.33 
22.60 25.15 43.98 76.99 50.87 

88.66 83.3311 
88.6610 88.825 90.47 101.21 107.01 

120.70 1826t11 
120.70 121.18 126.31 226.71 236.84 

246.29 
246.27 $07 246.3551 246.89 267.07 280.70 

298.04 
297.95 7 298.15 300.10 

t The asymmetric mode frequency ratios have been omitted from columns (1) and (2) since the system is 
symmetrical and hence only symmetric modes are excited. 

$ Resonances not detectable on force transmissibility response (Figure 4). 
0 Resonances not detectable on the machine motion response (Figure 5). 
T[ These frequency ratios appear slightly lower than their theoretical lower bound. However the tolerance 

of computing them was about 0.5% and hence in actual fact they are probably equal to their lower bounds 
(as are the two previous values in this column). 

11 Erroneous resonances predicted by single-mount analysis. 

4.2. SPRING-MOUNTED MACHINE 

Initially the effect of rigidly mounting the machine on the foundation is considered. For 
simplicity the coupling links are assumed hinged so that no twisting moment is exerted on 
the foundation by the machine. A similar problem was investigated by another worker [lo] 
and forms a useful upper bound to the more general conditions considered later. 

The machine and foundation responses and the transmissibility for this case are shown 
by the full-line curves in Figures 5,6 and 7. Double peaks are formed, the limbs of any one 
pair lying either side of the corresponding simply-supported beam natural frequency. The 
left-hand limb of each pair is the contribution of the foundation to the overall response and 
the frequency is lower than that for the foundation alone because of the mass loading effect 
of the machine. The right-hand limb of each pair is due to the machine which now behaves 
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Figure 5. Force transmitted to the foundation for isolator stiffness ratios of 0.03,0.3,3 and infinity 
(damping ratio = 0). 
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00 
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Figure 6. Motion of the foundation for isolator stiffness ratios of 0.03,0.3,3 and infinity (damping 
ratio = 0). 



\ 1 
I 1 
I ’ 

\ 

II 

lo-44 IO 100 1000 
Frequency ratio Wwr~ 

Figure 7. Motion at the machine driving point for isolator stiffness ratios of 0.03,0.3,3 and infinity 
(damping ratio = 0). 
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as a beam on elastic supports. The natural frequencies are consequently higher than those 
for a simply-supported beam (rigidly supported) and in the limit tend towards those of a 
free-free beam [ 191. 

The effect on force transmissibility and motion response when the machine is mounted 
on two identical undamped isolators is shown in Figures 5, 6 and 7. The change in response 
is shown as the stiffness of each isolator varies from O-03, O-3 and 3 times the foundation 
stiffness (taken as a simply-supported beam). 

A simple lumped element natural frequency ratio may be defined by 

j-J =_$klm 
L 

w, 

where k is the stiffness of each isolator and has values 1.75, 5.55 and 17.5, respectively, for 
the three values of stiffness chosen. 

For very low values of isolator stiffness a resonance exists very close to the predicted 
“lumped element” natural frequency. This is not so for higher values of isolator stiffness 
(i.e., when the isolators and foundation have comparable stiffnesses), when no relationship 
can be found between the actual computed resonances and the simple lumped element 
resonance. 

In general the combined system natural frequencies are difficult to assess intuitively, 
especially if the springs are relatively stiff compared with the foundation or machine. It is, 
however, possible to assess the upper and lower bounds for each resonance by the theorem 
of linear constraints [16] (Appendix 3), and this can form a useful check when results are 
computed from the more complicated theory. This is illustrated in Table 1. 

Figure 5 shows that the overall level of the force transmitted to the foundation is reduced 
as the isolators become softer. This leads to a reduction in the motion of the foundation 
(Figure 6) but causes a slight increase in the motion of the machine (Figure 7). 

For the lowest value of isolator stiffness the first resonance occurs at a frequency close to 
the lumped element frequency defined earlier (see Table 1). The second resonance occurs 
at a frequency very close to the fundamental foundation frequency but is only weakly excited 
in the graphs of transmissibility and machine motion (Figures 5 and 7). Thereafter the 
resonances occur very near to the symmetrical frequencies of the machine and foundation 
considered separately. In the case of the transmissibility and machine motion, evidence of 
the foundation resonances is only very slight, or in many cases not detectable especially at 
higher frequencies. Thus with soft isolators and at high frequency the machine tends to 
vibrate as a free body and the foundation vibrations have little effect on its modes of vibration. 

This appears to be true even with the higher values of isolator stiffness although the free 
body machine modes are not apparent and the foundation influence remains detectable on 
the transmissibility and machine motion response until much higher frequencies. 

It will be shown later how these graphs obtained for undamped isolators may be used to 
optimize the parameters in the damping limb of both two and three element isolators. 

4.3. INCLUSION OF DAMPERS 

The effect of placing a damping limb in parallel with the main spring of each isolator is 
now investigated. Initially the investigation will be limited to rigidly mounted viscous 
dampers. Later the advantages of employing an elastically (spring) mounted viscous damper 
will be discussed. 

4.4. RIGIDLY CONNECTED VISCOUS DAMPERS 

For brevity, the effect on system response for various coefficients of viscous damping will 
be investigated for one value of isolator stiffness only. In most practical cases of isolation the 
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Frequency rntio (“/u+) 

Figure 8. Two-element isolators. Force transmitted to the foundation for isolator damping ratios 
of 0, 0.15,0*5, 1.5 and infinity (stiffness ratio = 0.03). 
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Figure 9. Two-element isolators. Motion of the foundation for isolator damping ratios of 0, 
0.15, 0.5, 1.5 and infinity (stiffness ratio = 0.03). 
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Figure 10. Two-element isolators. Motion at the machine driving point for isolator damping ratios 
of 0,0*15,0.5, 1.5 and infinity (stiffness ratio = 0.03). 
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isolator stiffness is much less than the stiffness of the foundation or machine. The influence of 
damping is therefore discussed for the case when each isolator is 0.03 times as stiff as the 
foundation. 

The damping may be expressed in dimensionless form by defining a “critical” damping 
coefficient C, = 22/2km (where k is the stiffness of each isolator). The damping may then be 
expressed as a ratio 5 = C/C,, where C is the coefficient of viscous damping. 

Upper and lower bounds are formed by considering two extreme values of damping ratio, 
viz., 0 and infinity. 

For zero damping the problem reduces to the spring-mounted machine discussed earlier. 
For infinite damping the isolator is locked rigid and the problem reduces to the non-isolated 
case which was also discussed earlier. The response curves for all finite values of damping 
ratio must lie between these two extreme bounds. Consequently, wherever the upper and 
lower bound responses cross each other an invariant point is formed through which the 
responses for all finite values of damping ratio must pass [ 171. 

To illustrate this, the transmissibility, foundation and machine motion response curves 
are shown in Figures 8,9 and 10, for three values of damping ratio of 0*15,0.5 and 1.5. 

Judicious choice of damping ratio can form a resonance at (or near to) one of the invariant 
points. This resonance will exist with the minimum value of resonant amplitude possible 
since either an increase or decrease in the damping ratio will always cause an increase in this 
amplitude. 

It must be stressed at this point that this “optimum” value of damping ratio may only be 
satisfactory within a certain frequency range on the response curve considered. It may not be 
satisfactory on other response curves or throughout a wider frequency range. 

Reference to the machine motion response in Figure 10 exemplifies this fact. Between a 
range offrequency ratios of approximately 10 to 90 a damping ratio of 0.5 provides a resonance 
of amplitude O-165 at the invariant point frequency ratio of 19.5. If the damping ratio is 
decreased to 0.15 then within this frequency range two resonances appear at frequency ratios 
11.2 and 22.9 with amplitude ratio O-047 and O-33, respectively. An increase in damping 
ratio to 1.5 also produces two resonances at frequency ratios 14.5 and 80 with amplitudes of 
0.37 and 0.026, respectively. Thus within this frequency range from the point of view of 
machine motion response a damping ratio of O-5 could be considered as an optimum. Above 
or below this frequency range this value of damping may not be an “optimum” (e.g., the 
higher damping ratio of 1.5 produces lower resonant amplitudes at higher frequencies). 
Alternatively, if foundation motion is of primary concern (as in the case of the reduction of 
noise transmission through buildings) then high values of damping are undesirable, since 
the damping element provides an extra circuit for the transmission of vibration (especially 
at high frequencies). Consequently high damping leads to high force transmissibility which 
results in increased motion of the foundation. This is clearly apparent in Figures 8 and 9. 

4.5. ELASTICALLY MOUNTED VISCOUS DAMPERS 

The response curves for the case when the viscous damper is elastically connected are 
shown in Figures 11, 12 and 13. 

Once again the two isolators have been taken as identical and the main mounting spring 
of each has the same stiffness as that considered in the two-element mounting system (i.e., 
0.03 times the foundation stiffness). Also the same three values of damping ratio have been 
considered except that now the damper is elastically mounted on a spring which has been 
chosen as ten times stiffer than the main mounting spring. 

Upper and lower bounds are again formed by considering the two hypothetical extreme 
values of damping ratio of 0 and infinity. 
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Figure 11. Three-element isolators. Force transmitted to the foundation for isolator damping 
ratios of 0, @15,05, 1.5 and infinity (stiffness ratio of main spring = 0.03, damper spring 10 times 
stiffer than main spring). 

23 



346 

b _ 
:z 

E - 

10-3 - 

10-4 -_ 

J. I. SOLIMAN AND M. G. HALLAM 

c co 

: : 
: ’ 
\ : 
: ,: 
‘..i 

Frequency ratio WC) 

Figure 12. Three-element isolators. Motion of the foundation for isolator damping ratios of 
0, 0.15, 0.5, 1.5 and infinity (stiffness ratio of main spring = 0.03, damper spring 10 times stiffer 
than main spring). 
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Figure 13. Three-element isolators. Motion at the machine driving point for isolator damping 
ratios of 0, 0.15,0.5, 1.5 and infinity (stiffness ratio of main spring = 0.03, damper spring 10 times 
stiffer than main spring). 
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The case of zero damping produces exactly the same lower bound curves as the zero damped 
case of the two-element mount since the whole damping limb is rendered ineffective. For 
infinite damping the system now no longer behaves in the non-isolated manner, as is the case 
with the two-element mount, but as though the machine is mounted on undamped springs 
having stiffness equal to the sum of the stiffnesses of the main spring and the damper spring. 

Thus the type of curves shown in Figures 5,6 and 7 form a useful family of upper and lower 
bounds for either two- or three-element mounting systems. The main advantage of the three- 
element mount is that the upper bound curves are lowered, Reference to Figures 11, 12 and 
13 show that even with relatively low values of damping at high frequencies the damped 
response curves tend towards their upper bounds. This is true to some extent in the two- 
element mount where with the introduction of even light damping the response curves show 
a tendency towards the upper rather than the lower bound curves. 

Thus for good high frequency isolation the upper bound should be made low by using a 
soft spring under the damping element. At the low frequency end of the scale a soft spring 
under the damper will produce invariant points with high amplitudes. Thus a compromise 
must be made by choosing a spring which is soft enough to provide good isolation at high 
frequencies yet not so soft that the low frequency resonances are too severe. 

Finally, Figure 14 shows the difference in the foundation and machine responses for two- 
and three-element isolators for a damping ratio of O-15. At low frequencies the response 
curves are almost identical. At high frequencies the forces and motions transmitted to the 
foundation are much reduced but the machine resonant amplitudes are increased by the 
three-element mount. 

5. CONCLUSIONS 

It has been shown that when the mobility curves for the machine and foundation are known 
(either from experiment or in simple cases by calculation) the overall response for the com- 
bined and isolated system may be calculated. Further, the flexibilities of the machine and 
foundation lead to invariant points being formed even though the isolator damping elements 
may be rigidly connected. A great deal of information can be gained by investigating the 
overall system response for the machine resting on a set of undamped springs only. From a 
knowledge of the invariant points formed by these curves it is possible to choose satisfactory 
isolator stiffnesses. Having chosen suitable values of stiffness it is then possible to vary the 
damping until a satisfactory overall response is achieved. 
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APPENDIX 1: THE MOBILITY CONCEPT 

The mobility of a system relates the motion V,, at point a caused by the excitation Fb at 
point b as follows : 

V, = A&, . Fb. (A.11 

If a and b are coincidental and Fand Vare measured in the same direction then the mobility 
is referred to as the driving point mobility; otherwise, the mobility is referred to as the transfer 
mobility. 

For a system presenting n “points of interest”, then the theorem of linear superposition 
leads directly to the equation 

V=M.F G4.2) 

where V and F are nth order column vectors of motion and force and M is an 12 x n symmetric 
matrix of mobilities. 

In this context V may be used to represent the generalized motion and may represent linear 
displacement, velocity or acceleration or their angular equivalents. Similarly F represents 
generalized force and may consist of pure linear force or moments. When used in this way 
each “element” of equation (A.2) is itself a matrix. (If each point is assumed to have the full 
six degrees of freedom then each “element” of equation (A.2) is a sixth order matrix and 
M becomes a 6n x 6n matrix.) 

The order of the matrix formed and the units employed must obviously remain consistent 
throughout any one problem. In the special case when V and F are used to represent linear 
displacement and force, respectively, then the ratio of displacement to force is often referred 
to as receptance [ 141. 
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APPENDIX 2: THE TRANSFER MATRIX CONCEPT 

The transfer or field matrix [18] relates the “input” and “output” of a system as follows 
(Figure 1.5) : 

[rj=[i:: :::].[Fj* 

Again F and V may represent generalized force and motion when they are themselves 
matrices. In the special case when unidirectional linear translation only is dealt with, the 
method is often referred to as the four-pole parameter technique and is fully discussed 
elsewhere [7]. 

Figure 15. The transfer matrix concept. 

APPENDIX 3: THEOREM OF LINEAR CONSTRAINTS 

Briefly, this theorem states that if for two separate linear systems the natural frequencies, 
taken independently and arranged in ascending order, are 

w, < w2 < wj.. . co,-1 < co, < w,+1.. .) 

then upon coupling these systems together the natural frequencies 8, of the combined system 
will be bounded according to the relationship 

w, < WI < W2 < 052 G w3 < 63.. . co, < w, 6 oJ,+1.. . . 

Thus an upper and lower bound is provided for each frequency of the combined system. 


