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Two theoretical solutions for the field of a point sound source above a plane boundary 
between air and an absorbing material are discussed. The validity of approximations based 
on the plane-wave reflection coefficient and on the modified image method are also 
examined. Results of measurements made with a source in and above slabs of absorbent 
material are shown to be in agreement with theoretical results. The performance of free-field 
rooms having plane absorbent treatment and ground-reflection effects in the measurement 
of aircraft noise spectra can thus be predicted. 

1. INTRODUCTION 

The pressure-reflection coefficient for a plane sound wave travelling in a homogeneous 
isotropic medium of  characteristic impedance ZI and incident at an angle 01 to the normal 
at a plane interface with a semi-infinite homogeneous isotropic medium of  characteristic 
impedance Z2 is 

Z2 cos 0, - Z,  cos 02 
Rp = Z2 cos 0, + Zl cos 02 (I) 

where 02 is the angle to the normal subtended by the wave refracted into the second medium, 
being defined by the relation 

y2 sin 02 -- y, sin 01, (2) 

where ),~ and y2 are the propagation coefficients in the two media. 
For  some applications simplified or approximate forms of  equation (1) are used. For  

instance, to characterize the acoustical properties of  a material, the normal incidence 
reflection coefficient (0~ = 02 = 0) may be used. On the other hand, it may be assumed that 
the material is "locally reacting", a term used to denote the conditions under which lateral 
propagation can be ignored; except for the special case of a material whose pores are all 
oriented perpendicular to the interface and thus "locally reacting" by definition, this requires 
that in the second medium either the attenuation coefficient is high, or that the propagation 
velocity is relatively low compared with that in the first medium. Again, the above expression 
for Re, or a simplification thereof, is often used in situations where the incident wave is 
far from plane, simply because to do otherwise would involve a considerable increase in 
complexity. The reflection coefficient so derived permits qualitative analysis but may not 
yield quantitatively correct results. 

However, an important problem arising in acoustics is the evaluation of  the field of  a 
spherically-radiating monopole source near the interface between air and a semi-infinite 
layer of  absorbent material. Solutions for the electromagnetic field of a dipole situated above 
a finitely-conducting ground plane are well known [1, 2, 3] and solutions for the analogous 
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acoi~stical case ha~e also been given [4, 5]. However, available solutions are difficult to 
evaluate and the approximations necessary to effect a manageable solution are too restrictive 
for widespread use. The only practical applications made to date have been of the far-field 
appr.qximation in attempts to account for observed frequency-dependent ground attenuation 
[6, 7, 8]. There are several important phenomena to which a full analysis might well have 
been applied but for the complexity of the near-field solutions. However, using a digital 
computer to perform certain integrations numerically, evaluation of the near field can be 
straightforward. 

Following a brief review of the relevant analyses, this paper presents comparisons between. 
theoretical and experimental results for the pressure distribution arising from a point sound 
source both in and near an absorbing plane surface. 

2. SUMMARY OF THEORETICAL ANALYSES 

Neglecting attenuation and non-linearity, sound propagation in air is described by the 
wave equation 

(V 2 + ~,~) �9 = 0, (3) 

where ~b is the velocity potential, 7'~ is the propagation coefficient and a time-dependence 
e -"~ is assumed. The pressure p and particle-velocity u are given by 

0q5 
p =-p0  

and 
u = V ~ b ,  

where po is the density of air. Solving in spherical polar co-ordinates, a point source thus 
produces spherical waves described by the relation 

p = e w '  r/r (4) 

and the pressure amplitude falls off inversely with radial distance r. For a point source at 
a height h above an infinite rigid plane the solution for the pressure distribution can be 
obtained using the image concept. The field at all points above the plane is identical with 
that which would be produced by the original source plus that due to an image source of 
equal phase and amplitude symmetrically located at a distance h below the plane but with 
the plane itself removed. The justification for this treatment is that the necessary boundary 
conditions at the rigid plane are then fully satisfied. If rl is the distance between source and 
receiving point and r2 is the distance between image and receiving point, the total pressure 
at a point is 

p = etr '"/rl  + etYl"2/r2. (5) 

However, this simplifying concept of a single point image is invalid when the surface is not 
perfectly reflecting, where it is not perfectly plane or where it is finite in extent, for in these 
cases no single point image or spherically symmetrical image strength will satisfy the required 
boundary conditions. Sometimes the assumption is made, without justification, that if the 
normal-incidence plane-wave pressure-reflection coefficient is R, then the solution of the 
problem involving an absorbing plane can be approximated by using an image strength 
JR,] times the primary source strength. This method fails to give the correct solution, the 
error increasing as source and receiver approach the surface. 

By their nature, spherical waves do not lend themselves to straightforward fitting of 
boundary conditions at a plane interface and, because the reflection coefficient for plane 
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waves is well known, it is natural to proceed by expressing a spherical wave in terms of an 
expansion of plane waves. Considering an elementary plane wave with wavenormal YI from 
a point source at the origin, then for a point of observation r and using the integral 
representation 

1 

etYt'/iyir = fe~',,~d~, (6) 

it can be shown that 
2~r *rl2-1~o 

e'Y'r/iyl r= ~ f f e'vt'rsinr/dr/d~b, (7) 
0 0 

where ~/is the angle between y land  r, and $ is the equatorial angle. This integral in invariant 
with respect to rotation and it was rotation of the reference from the cartesian axis 
perpendicular to the surface to that of the radius vector r which enabled Weyl [2] to proceed 
with his solution of the electromagnetic problem. This integral representation, involving an 
infinite number of component plane waves and producing the desired singularity at the 
source point r = 0 but remaining finite elsewhere, includes inhomogeneous waves associated 
with complex angles. 

Consider a source S at a height h above a portion of an infinitely large absorbing plane 
interface, as shown in Figure 1. If R(O) = R($,~q) is the pressure-reflection coefficient for the 
component plane wave incident at an angle 0 to the normal, then from equation (7) the 
total reflected field is 

2~ ~12-1~o 

P'=iyI2~" f .Jr R(~b,~/)e/Y'"r176 (8) 
0 0 

where cos0 = cos0ocosr/+ sin0osinT/cos~b and 0o is the angle between r2 and the outward 
normal to the surface. Equation (8) is evaluated by the method of steepest descents with 
1 - cos~/= is, where s is a real variable, the major contribution arising from the region s = 0 
(i.e. ~/= 0) which corresponds to geometric reflection. The effective image strength is 

Q=~,,r2f 2; 2~" e-yt'2s R(~b,s) d~ds (9) 

0 0 

while the total pressure at a point is given by 

eiYlrt Q e ly i r 2  
p = + - -  (10) 

r l  r2 

Now "vVeyl obtained an asymptotic expansion for Q and hence solved for p by expanding 
the reflection coefficient in a Taylor series about the origin. Assuming the material is locally 
reacting, equation (1) reduces to 

cos 0 - Y 
R(O) c o s 0 + Y '  (I1) 

where Yis the admittance ratio of the two media, a complex quantity, and Ingard [5] showed 
that equation (9) then simplifies to give 

f e-~,1,2 s ds 
Q=l-2Yvzr2 ~r + rPo+iS)2+(1-F2)(l-y2)' (12) 

0 



272 M. E. DELANY AND E. N. BAZLEY 

where Fo =cos00. The relative image strength, Q, is thus a function of  the geometric 
reflection angle 00 and of the admittance ratio Y, and under certain conditions can assume 
a value greater than unity. 

Having progressed thus far, Ingard considered only particular cases. For example, he 
deh|t with the case when Y =  1, which occurs when the impedance of the material matches 
that of air, and the case of normal incidence when/10 = 1. Another approximation dealt 
with the case when y~ r2 is very large, when the receiver is remote from the source, for in 
this case we can use the fact that the major contribution to the integral occurs for s ~ 1 
and neglect the term in s 2 in the denominator. Under these conditions Q can be expressed 
in terms of the error function. 

4 rl, ~ R 

! c 
~'~ Interface Pz ~'z 
I 

Figure 1. Geometry of source and receiver positions. 

in the present work, equation (12) was integrated directly by numerical methods. The 
exponential in the numerator generally dominates both real and imaginary parts; even for 
complex Y the amplitude of oscillations about this exponential is relatively small. Simpson's 
rule provides a convenient integration procedure, an interval of 0.01 wavelength providing 
adequate accuracy for all practical purposes. Numerical data are presented in section 3 but 
meanwhile an alternative analysis is considered. 

The form of solution of the wave equation (3) obviously depends on the co-ordinate 
system chosen. In cylindrical co-ordinates (r,~b,z) the solution involves Jo(~r) and 
exp( :kzV~--  y2), and using the Fourier integral theorem it can be shown that for a single 
point source in free space, for z > 0 

e le~" ~ Jo(~r) -zv~2_ 2 
r = ,J a/~:z_--~12e ~' ~:d~:, (13) 

o 

provided that iy~ has a negative real part and the positive sign of the square root is taken 
to ensure the convergence of equation (13). This well-known result has several alternative 
derivations [9, 10], the field at any point (r,z) being represented as the sum of an infinite 
number of component waves of appropriate phase and amplitude. It has also been shown 
[11, 12, 19] that the same wave equations can describe propagation in porous absorbent 
materials having rigid framework provided the concept of complex density is introduced. 
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Thus, expressing both incident and reflected waves in a form analogous to equation (13) 
and fitting the boundary conditions at the interface between the two media to ensure 
continuity of  pressure and normal component of  particle velocity, the total potential is 

= f e - " " "  , /Pz  I + Pl m ~: d~:, (14) 
o 

where 1= (~:2 _ y~)u2 and m = (~:2 _ y~),n. This result was first given by Sommerfeld [1] for 
�9 the electromagnetic case. Under certain restrictive conditions Sommerfeld was able to 

deform the contour of  integration and to evaluate the contribution from the known 
singularities in terms of  a power series. A further advance was made when Van der Pol 
[13], by introducing auxiliary variables, produced an interpretation in terms of  the volume 
integral 

~b = e'~"rt--rl k e'r"2--r2 ;lfff ~z2k- -~-]Tdr ,02  [el)'~r'~ etytr" (15) 

where dr  = rdrdzdr  a volume element, 

r '  = (r 2 + z2) 'n, 

r"=[r~--2rrocosr 1/2, 
Pl/ J 

r' being a real distance and r" a complex distance. It should be noted that in this solution 
the general boundary conditions have been used and it has not been necessary to assume 
that the absorbing material is locally reacting. Equation (15) is exact under the conditions 
specified and represents a volume integral over the half-space below the usual image source 
position. 

If  now we assume that the lower medium is absorbing, so that y2 has a reasonably large 
imaginary part, the variation of  r" with r can be ignored and two of the three infegrations 
can be performed directly, yielding 

cO 

r = e/ylr l  elYlr2 f e Iy~r~ 
--rt + r2 + 2iy2 j -~ dz, (16) 

o 

where r +" = [r~ + (h + H +  p2z/pl)2] In, a complex quantity. Norton [3], having obtained 
this result for the electromagnetic case and Rudnick [4] in following through the analogous 
acoustical case, proceeded to approximate still further to obtain expressions valid only for 
large distances (ro >> h + H ) .  In fact, it was necessary to adjust the asymptotic expansion 
so produced to accord with an exact asymptotic expansion previously derived by Wise [14] 
direct from Sommerfeld's result, equation (14). The modification involves replacing ZI/Z2 
in the far-field solution by 

Z-A(1-  ~s in2  00) ' n  (17) 
Z2 72 

As the discrepancy is due to the assumptions made when simplifying equation (15)it was 
further suggested by Rudnick and Nortori that a similar correction term should be applied 
to equation (16). It will be seen from the results of section 3 that such a refinement makes 
only a slight difference to the calculated results and then only when both source and receiver 
are near the plane. In section 3, results calculated using this modified form for ZffZ2 are 
labelled Rudnick-Norton. 

19 
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The line integral of  equation (16) is in a convenient form for immediate numerical 
evaluation giving results which remain valid for a wide range of separation of source and 
receiver. Such calculations have been carried out using a digital computer employing 
Simpson's rule with an integration increment of  0.022, in most cases. 

In fact, for the range of parameters employed in this work, evaluation shows that equations 
(16) and (12) yield results which agree to within 0.1 dB. This is to be expected for it is evident 
that the approximation made in deriving equation (16) from (15) is equivalent to assuming 
that the material is locally reacting. In circumstances where the locally reacting assumption 
is invalid it is necessary to revert to equation (15), but numerical evaluation then becomes 
more difficult. 

Although other methods of  solution [15] or variants of  the above [I0, 16, 17] are available 
they are not considered in detail here. 

3. THEORETICAL AND EXPERIMENTAL DATA 

There are few published data [18] on near-field pressure distributions due to a point source 
near an interface which have been measured with an absorbing material having specified 
acoustical characteristics. The following experimental work was therefore carried but. 

The floor of  a free-field (anechoic) room with internal dimensions 3.5 m long by 3.5 m 
wide by 2-5 m high was completely covered with slabs of  absorbent material so as to present 
an unbroken plane surface. The material used was mineral wool (Stillite SR10) having'a 
nominal bulk density of  160 kg m-Z; its mean specific flow resistance per unit length for 
air-flow normal to the surface was approximately 5.5 • 104 MKS units and for air-flow in 
a direction parallel to the surface was about 30yo less than this. The standard deviation 
about these mean values (including variation between slabs and within slabs) was of order 
15 ~o. It was concluded that although far from ideal in these respects, nevertheless the material 
was sufficiently homogeneous and isotropic to afford an experimental check on computed 
results. From measurements of  characteristic impedance and propagation coefficient using 
a stationary-wave tube [19] it was established that the thickness of the material used, 0.1 m ,  
was sufficient to ensure that the layer presented essentially its characteristic impedance to 
an incident wave down to a frequency of  at least 0.5 kHz. The walls and ceiling of  the free- 
field room were lined with highly absorbent wedges and at all frequencies used their 
amplitude-reflection coefficient was much lower than that of the plane material laid on the 
floor for these tests. In addition, source and receiver positions were kept well away from 
the wedged absorbent. Thus the presence of  the walls of  the room could be ignored and for 
all near-field measurements a reasonable approximation to a plane interface between air 
and a semi-infinite absorbent material was achieved. 

The sound source consisted of a Reslo pressure unit type SUI0 connected to a brass tube 
with internal diameter 3 mm and external diameter 6 mm and the open end of  this was 
arranged to be in, or at various fixed distances above, the surface of  the plane absorbent. 
The length of  the source tube depended on the source height used but did not exceed 0.85 
m. The field distribution was explored by making linear traverses perpendicular to the 
surface of  the absorbent at various distances from the source, as shown in Figure 2, using 
a 0.8 m long probe tube with internal diameter 3 mm connected to a moving-coil microphone. 
The measured sound pressure level was recorded on a level recorder having direct mechanical 
linkage with the traversing mechanism, using either a 10 dB or 25 dB potentiometer. 

Measurements were carried out at frequencies of  1, 2 and 4 kHz with fixed values o fh  = 0, 
0.171, 0.342, 0'684 m whilst the microphone traversed the range 0 <  H <  1.25 m. The 
precision achieved in measurements of distance was better than 4-2 mm and in measurements 
of  relative sound pressure level was o f  order q-0-1 dB. 
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Typical results for three different values of  ro obtained with the source aperture flush with 
the plane of the absorbent are shown in Figure 3. Experimental results are shown by dotted 

Tube $ourc~ 

,T 

T 

PrEssure uP, it - ~  

l Variable 
i microphone / ;;oigh, 

i ~ ro '-i z 

;PIone obsorben) ~ ~ . ~ ; ~ , .  

] 
Figure 2. Experimental arrangement for exploration of sound field. 

T A B L E  1. Mean acoustical characteristics of  
absorbh~g material 

~2 
Z2/Z, (neper cm -1) 

1 kHz 2.02 + i1"47 0-44 + i0-33 
2 kHz 1"57 + i0-94 0-69 + i0.47 

2v 

/ 

) I ) I ) I ) I 1 
0 1 2 3 4 5 

Height of microphone above plane (wavelengths) 

Figure 3. Sound field due to a point source in the surface of a plane absorbing material at 2 kHz. Parameter is 
ro expressed in wavelengths. , Calculated from Weyl-Ingard theory [equation (12)]. - - - - ,  Experimental 
result. 

lines whilst the continuous lines show results computed f rom either equation (12) or (16) 
(which, as has been pointed out, give identical results) using values of  impedance and pro-  
pagation coefficient shown in Table 1. i n  Figure 3 (and also in Figure 6) the position on 
the ordinate scale is arbitrary and each cui:ve merely shows the relative variation of  sound 
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pressure level with distance. In each case agreement between theory and experiment is 
excellent and confirms the evaluation method used to derive the theoretical data. For  the 
same material at the same frequency the isobaric representation shown in Figure 4 clearly 
demonstrates the field distortion occurring in the neighbourhood of  the absorbing surface. 
From Figure 5, which compares results calculated by four different methods, it is seen that 

{ ~ . . .  ( dB \,, 
F - - - - - - - _ . . .  " ' ' X  " \ N  " ,  \ ,  
I " " -  % -  N \ \ 

1 - ' - . . .  ~Z5 d B "\ \\ ~ \x 
I - " , .  \ ",, \ \ 

?_-:_ "k "\ \ /  
i ".N ,, I ~ \ / \  ",/\  Y '  
r ,c, - } "4 >/ 

S ource~ ) J - ~ ~  I I ,  ! 
0 8 16 24 132 

Dist(~nce from source (wavelengths) 

Figure 4. Pressure distribution round a point source in an absorbing plane (Stillite SRI0, 2 kHz). 

I I i ' " i 

" ~ -  o . 

~: I 
I 
I 

Heighl of microphone above plane (wavelengths} 

Figure 5. Calculated sound field due to a point source in the surface of a plane absorbing material at 
2 kHz for ro = 42,. - - ,  Weyl-Ingard theory [equation (12)]. ---- ,  Rudnick-Norton theory [equations 
(16) and (17)]. - - - - - - ,  Plane-wave reflection [equations (1) and (10)]. - . . . .  , Simple image theory. 

even in this case where the source is actually at the interface, the modified definition of  r" 
using (17) as proposed by Rudnick and Norton produces only a slight change in the 
computed field values. Except when the microphone is also very near the interface, use of 
the plane-wave reflection coefficient [equation (1)] with a modified image treatment [equation 
(10) with Q = Rp] provides a very good approximation for the field in the upper half-space. 
The simple image treatment using a constant image source strength is of little value in any 
region. 
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With the source above the plane, interference effects produce a more complicated field 
pattern, Figure 6 illustrating the excellent agreement obtained between theory and experiment 
for three source configurations. The typical variation of sound field with respect to angular 
rotation in the planenormal to the surface and passing through the source is shown in 
Figure 7 whilst Figure 8 compares results calculated by four different methods for the 
conditions specified for curve B of Figure 6. Again the image treatment gives poor results, 
especially near the plane, whilst the plane-wave approximation gives reasonably good 
agreement over the whole range. 

i i I i i i i i 

; I t 1 i I ~ I I 
0 1 2 3 4 

Height of microphone above pTone (wavelengths) 

Figure 6. Sound field due to a point sourceabove an absorbing plane. ~ ,  Calculated from Weyl-Ingard 
theory [equation (12)]. ----, Experimental result. (See Table 2 for relevant parameters.) 

TABLE 2 Parameters relath~g to theoretical curves shown fit 
Figure 6 

Frequency, f Source height, h Separation, ro 
(kHz) (wavelengths) (wavelengths) 

a 1 1 I 
b 2 1 2 
c 1 2 2 

4. DISCUSSION 

From the brief review given in section 2 and the results shown in section 3, it can be seen 
that similar results are obtained from the Wcyl-Ingard result [equation (12)] or the approxi- 
mate form of the Van der Pol result [equation (16)], both trcatments requiring that the 
absorbing material be essentially locally reacting. Further, for the range of parameters used 
in the present study, the modification of equation (16) proposed by Rudnick and Norton 
to accord with Wise's asymptotic form for the far-field solution has only a slight effect on 
the calculated field. The method of solution whereby, for a given angle of incidence, the 
image source is ascribed a strength given by the plane-wave reflection coefficient [equation 
!I)] gives an excellent approximation over much of the upper half-space. Indeed, under most 
conditions and provided source or receiverarc at least one half-wavelength from the plane, 
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the error between results calculated by the more precise method and by this simplified method 
will be negligible for most practical purposes. In the far field, use of the plane-wave reflection 
coefficient can be justified [20] from the asymptotic solution of equation (4) but extension 
of ira validity to near-field cases should find several important applications. The field 

1,1, 60* 

12o* 

._.__...~/M '' '~150. 

leO* 
Figure 7. Angular variation of field round a point source 2~t above an absorbing plane (Stillite SR10, 

2 kHz). Parameter is radial distance from source. 
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Height of rnictophone cbove plane (wavelengths} 

Figure 8. Calculated sound field due to a point source situated one wavelength above a plane absorbing 
material at 2 kHz for r0 = 2A. - - ,  Weyl-Ingard theory [equation (12)]. - - - - ,  Rudnick-Norton theory 
[equations (16) and ( 1 7 ) ] . - - - - - - ,  Plane-wave reflection [equations (1) and (10)].- . . . .  , Simple image theory. 

distribution inside an enclosure lined with plane absorbent material can be calculated [21], 
yielding valuable design data for test rooms used industrially for measuring the sound-power 
output of noise sources. Moreover, these results account for the effects of ground reflection 
in measurements of aircraft noise spectra [20] and may find practical application in predicting 
the high-frequency performance of absorbent-lined ducts. 

Only under conditions where the lower medium has a very low attenuation constant and 
relatively high phase velocity is it "necessary to employ the more exact solution [equation 
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(15)] and  here  again numerical  solution is p robably  the simplest procedure.  The max imum 
discrepancy between results calculated f rom equations (15) and  (16) is to be expected when 
both the source and the receiver are near the surface o f  the absorbent  (h + H ---> 0). 
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