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ABSTRACT 

Certain operating conditions such as fluctuation of the ex-

ternal torque to planetary gear sets can cause additional side-

bands. In this paper, a mathematical model is proposed to in-

vestigate the modulation mechanisms due to a fluctuated exter-

nal torque (FET), and the combined influence of such an exter-

nal torque and manufacturing errors (ME) on modulation side-

bands. Gear mesh interface excitations, namely gear static 

transmission error excitations and time-varying gear mesh 

stiffness, are defined in Fourier series forms. Amplitude and 

frequency modulations are demonstrated separately. The pre-

dicted dynamic gear mesh force spectra and radial acceleration 

spectra at a fixed position on ring gear are both shown to ex-

hibit well-defined modulation sidebands. Comparing with side-

bands caused by ME, more complex sidebands appear when 

taking both FET and ME into account. An obvious intermodu-

lation is found around the fundamental gear mesh frequency 

between the FET and ME in the form of frequency modulations, 

however, no intermodulation in the form of amplitude modula-

tions. Additionally, the results indicate that some of the side-

bands are cancelled out in radial acceleration spectra mainly 

due to the effect of planet mesh phasing, especially when only 

amplitude modulations are present. 

INTRODUCTION 

Planetary gear transmission is commonly used in many 

fields such as automotive, aerospace and industrial 

applications. Compared with parallel-axes gear sets, planetary 

gear sets have many unique dynamic characteristics. 

Modulation sidebands, one of these unique dynamic 

characteristics, exits in most measured vibration and noise data 

of planetary gear sets. Three different forms of modulations, 

which include amplitude modulations (AM), frequency 

modulations (FM) and phase modulations (PM), were reported 

to occur frequently in mechanical systems [1, 2]. 

For AM of planetary gear sets, McFadden and Smith [3] 

proposed a model to explain for the asymmetric sidebands 

measured from accelerometers mounted to the housing of 

several planetary gear sets. Inalpolat and Kahraman [4] 

provided an analytical framework for predicting AM due to 

rotation of the carrier, they classified planetary gear sets based 

on their sideband behavior in five groups, and rules were 

established for sidebands for each category. AM effects of 

sidebands associated with rotation of the carrier were also 

investigated by McFadden [5] and McNames [6]. 

As for FM and PM, Mark and Hines [7] predicted the 

influence of planet-to-planet variability in planet/ring-gear 

loading due to a crack on the carrier posts on the sideband 

distributions. Inalpolat and Kahraman [8] established a 

nonlinear time-varying dynamic model to predict modulation 

sidebands, including FM due to a class of gear manufacturing 

errors (ME) and AM due to rotation of the carrier. They also 
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demonstrated the capability of such a model by measured 

planetary acceleration spectra. 

The sidebands of planetary gear set were thought to be 

mostly caused by the carrier rotation [4-6], ME [8,9] and the 

unequal planet load sharing [7]. In recent studies, certain 

operating conditions such as fluctuation of the input torque to 

planetary gear sets were stated to cause additional sidebands 

[10,11]. To the authors’ knowledge, however, any analytical 

formulation of modulations due to fluctuated speed or torque 

has not been available so far. 

Accordingly, this study mainly aims at developing an 

analytical model to investigate the sidebands mechanisms of a 

two-stage planetary gear set due to the fluctuated external 

torque (FET) and the combined influence on modulations 

between the FET and ME. In order to gain a more in-depth 

investigation, amplitude and frequency modulations will be 

demonstrated separately. 

DYNAMIC MODEL OF TWO-STAGE PLANETARY 
GEAR 

A two-stage planetary gear set shown in Fig. 1 is consid-

ered in this paper. It is connected in series by two simple, sin-

gle-stage planetary gears with standstill ring gears. The interac-

tions between gear pairs are modeled by (i) periodically time-

varying gear mesh stiffness, (ii) constant gear mesh damping, 

and (iii) periodic gear transmission error excitation. Bearings 

and interactions between two stages are modeled by linear 

springs. 

A 2D discrete planar lumped-parameter dynamic model is 

considered here. For the sake of convenience, the model in this 

paper is based on an earlier model proposed by Lin and Parker 

[12], which was developed to investigate the natural frequen-

cies and vibration modes of simple, single-stage planetary gear 

sets. However, some coupling models have been proposed to 

investigate the coupling vibration characteristics of multistage 

planetary gearbox [13,14]. Differing from the definition in Ref. 

[12], the rotational coordinates are defined to be 

 ,  , , ,1,2, ,j j s c r n   rather than j j ju r  , for the con-

venience of the following study. 
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Fig. 1. Schematic of two-stage planetary gear set with standstill 

ring gears 

As for the coupling effects between these two adjacent 

stages, they are described by a coupling stiffness matrix. To ob-

tain such a matrix, two types of coordinate systems illustrated 

in Fig. 2 are created: (i) the absolute coordinate system OXY , 

(ii) the dynamic coordinate systems Ox y   rotating with the 

first-stage carrier and Ox y   rotating with the second-stage 

carrier. The relationships among these three coordinate systems 

are shown in Fig. 2. Defining the instantaneous angle between 

x  and x  as 

mod
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Fig. 2. Schematic of coordinate systems 

According to the time-varying coordinate transformation 

between the carrier of first-stage and the sun of second-stage, 

equations of motion of these two components can be derived. 

With such equations available, one can get the coupling stiff-

ness matrix as 
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where ,  x yk k  are the radial coupling stiffness, and k  is the 

torsional coupling stiffness. In this paper, the radial coupling 

stiffness is assumed to be equal ( x yk k ). 

Defining the displacement vector of the two-stage plane-

tary gear set illustrated in Fig. 1 as 

1 1 1
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Correspondingly, the governing equations for such a two-

stage planetary gear set in matrix form are determined as Eq. 

(4a). However, one should notice that the coupling stiffness 

matrix 

K  should be added to the overall stiffness matrix 

2( )b m ct 
   K K Ω K  according to its local nodes. 

    

     2   ( )

b m c

b m ct t t

  

      

M q C C Ω G q

K K Ω K q F T
 (4a) 

        3 3 39 9 9 9 3
,  

N N N Nc c cdiag
   

 

     
        Ω  (4b) 

where , , M G K  are the mass, gyroscopic, and centrifugal 

stiffness matrices. ,b bK C  are the elastic bearing stiffness and 

damping matrices. ( ),m mtK C  are the time-varying gear mesh 

stiffness matrix and the constant gear mesh damping matrix. 

( )tF  represents the dynamic gear mesh force vector, and 

 tT  denotes the vector of applied external forces and torques. 

FORMULATION OF MODULATIONS OF THE 
EXCITATIONS 

Transmission error excitations and mesh stiffness 

functions 
A major excitation source in planetary gear sets comes from 

time-varying contact conditions at the gear tooth mesh interface 

as the gears engage kinematically. Gear static transmission 

error excitations, one of the major excitations of the gear tooth 

mesh interface, are defined in Fourier series form as [15] 

   
1

sin 2
L
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       (5b) 

where all the parameters could be found in Ref. [15]. 

Periodically time-varying gear mesh stiffness functions, 

another of the major excitations of the gear tooth mesh 

interface, are defined in a similar form as [8] 
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The details for the parameters in Eq. (6) are given in Ref. 

[8]. 

Thus the mesh-frequency gear mesh forces can be defined 

as Eq. (7), without considering the shaft-frequency excitations 

contributed by manufacturing errors. Such errors include pitch-

line run-out errors, gear eccentricities, tooth spacing and 

indexing errors. 

         ,   ,jpn jpn jpn jpn jpnF t k t e t c e t j s r    (7) 

where 
jpnc  is the constant gear mesh damping and can be de-

termined by the formula in Ref. [17]. For simplicity, in this pa-

per, the gear mesh damping force component  jpn jpnc e t  is ig-

nored. 

Formulation of modulations due to the fluctuated 

external torque coupling with manufacturing errors 
There are sharp interactions between the dynamic re-

sponse to the distributed load as well as the load distribution. 

Some instances of such interactions are the tooth load distribu-

tion influencing the deflection of the carrier (and vice versa) 

[18,19]. As a result, the unequal planet load sharing under FET 

would cause additional sidebands, and such a phenomenon 

were reported in Ref. [10]. 

Only harmonic form FET is considered here, which is 

given as Eq. (8). However, one should realize that it may not be 

the case in some conditions. 

   
1

1 sin 2
L

vet vet vet vet vetT t T f t  


 
   

 
  (8) 

where vetT  is the mean value of the FET, vet  is the dimen-

sionless amplitude at frequency vetf , and vet  is the corre-

sponding phase angle. 

An analytical formulation was proposed in Ref. [8] to pre-

dict modulation sidebands of simple, single-stage planetary 

gear sets due to gear ME as well as rotation of the planetary 

carrier. In this present study, a similar analytical formulation is 

developed for two objectives. The first one is to demonstrate 

the modulation mechanism of the FET on dynamic gear mesh 

forces and system responses, and the second one is to investi-

gate the combined influence of the FET and ME on modulation 

sidebands. The detailed formulas are given as Eqs. (9a)- (12c). 

For simplicity, only the fundamental harmonic of the static 

transmission error and time-varying gear mesh stiffness is con-

sidered. However, the following formulation could easily be 

expanded to include the higher harmonics as well. The parame-

ters  1 1 1,  ,  ,  ,jp jp jpe k j s r   are abbreviated as ,  ,  jp jp jpe k   

throughout the rest of this paper. 

     sin 2spn spn sp spn m s n spe t A t e B t f t Z        (9a) 
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In Eqs. (9a)-(9c), dimensionless coefficients ˆ,  spn spn   

respectively represent amplitude and frequency modulations of 

the fundamental harmonic of  spne t  due to a certain harmon-

ic form FET with frequency of vetf . And parameters 

ˆ, spn spn    denote the corresponding phase angles. As for 

modulation parameters associated to ME, they are not de-

scribed in this paper any more since one can get them in Ref. 

[8], and those parameters due to ME in the following Eqs. 

(10a)-(12c) are not given yet. 
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(12c) 

where dimensionless coefficients ,rpn  ˆ ,rpn  ,spn  ˆ ,  spn  

,rpn  ˆ
rpn  and parameters ,rpn  ˆ ,rpn  ˆ ,spn  ,spn  ,rpn  

ˆrpn  can be defined similarly. 

NUMERICAL ANALYSIS OF MODULATION 
SIDEBANDS 

In order to provide a more clear demonstration of the 

combined influence of the FET and ME on modulation side-

bands, any additional modulations associated with carrier rota-

tions are not included in this study. A rich sideband activity in 

vibration spectra at a fixed position is found due to carrier rota-

tions in Ref. [4]. Such a phenomenon could make it a less in-

sight into the combined influence of the FET and ME on modu-

lation sidebands. 

In this section, numerical analyses are conducted with the 

two-stage planetary gear set illustrated in Fig.1 with and with-

out the FET for two main objectives. The first one is to demon-

strate the modulation mechanism of the FET on dynamic gear 

mesh forces and system responses, and the second one is to in-

vestigate the combined influence of the FET and ME on modu-

lation sidebands. Such numerical analyses include dynamic 

gear mesh forces and system dynamic responses at a fixed posi-

tion. In this study, dynamic responses are computed by apply-
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ing the Newmark time integration method at a speed of 1750 

r/min ( 183.26  rad ss

  ) representing off-resonance condi-

tion. 

The basic relevant parameters of this two-stage planetary 

gear set are listed in Tables 1a and 1b. One can use the poten-

tial energy principle [20] to determine the mean and the funda-

mental harmonic values of gear mesh stiffness. As for the static 

transmission errors, they can be computed according to gear 

precision. 

The following numerical analysis is conducted under one 

of the simplest varying external torque conditions of 
1 1 1150 Nm,  0.3,  31 Hz,  0vet vet vet vetT f     . However, the 

following process can be conveniently expanded to include any 

more complicated the FET conditions. 

Table 1a: Basic parameters of the two-stage planetary gear set 

Stage component 
Tooth num-

ber 
Mass (kg) 

Base radius 

(m) 
I (kg·m2) 

First-stage 

carrier -- 8.346 0.064 0.0332 

ring 115 9.423 0.095 0.1525 

sun 29 0.790 0.024 0.0002 

planet 43 0.620 0.035 0.0007 

Second-

stage 

carrier -- 30.000 0.086 0.1554 

ring 85 25.000 0.120 0.6780 

sun 29 3.765 0.041 0.0026 

planet 28 1.360 0.039 0.0017 

Table 1b: Basic parameters of the two-stage planetary gear set 
Parameter First-stage Second-stage 

Module (mm) 1.75 3 

Pressure angle (°) 20 20 

Mean mesh stiffness (N/m) 
9 91.8 10 ,  2.0 10sp rpk k     9 93.2 10 ,  3.4 10sp rpk k     

Fundamental harmonic mesh stiff-

ness (N/m) 

8 85.1 10 ,  2.4 10sp rpk k     8 88.7 10 ,  5.7 10sp rpk k     

Transmission error ( μm ) 10,  10sp rpe e   10,  10sp rpe e   

Bearing stiffness (N/m) 
810r c pk k k    

Torsional Stiffness (N·m/rad) 
910 ,  0r s ck k k      

Table 2: AM parameters due to manufacturing errors and the fluctuated external torque 

Manufacturing errors The fluctuated external torque 

Static gear transmission 

error 

Time-varying gear mesh 

stiffness 
Static gear transmission error 

Time-varying gear mesh 

stiffness 

s  0.40, 0.50 s  0.40, 0.50 
1

spn  0.36, 0.46 
1

spn  0.36, 0.46 

sn  2 3,0,4 3   sn  2 3,0,4 3   1

spn  2 3,0,4 3   1

spn . 2 3,0,4 3   

r  0.35, 0.40 r  0.35, 0.40 
1

rpn  0.32, 0.40 
1

rpn  0.32, 0.40 

rn  2 3,0,4 3   rn  2 3,0,4 3   1

rpn  2 3,0,4 3   1

rpn  2 3,0,4 3   

Table 3: FM parameters due to manufacturing errors and the fluctuated external torque 
Manufacturing errors The fluctuated external torque 

Static gear transmission 

error 

Time-varying gear mesh 

stiffness 
Static gear transmission error 

Time-varying gear mesh 

stiffness 

ˆ
s  4E-5, 8E-5 ˆ

s  4E-5, 8E-5 
1ˆ
spn  3E-5, 5E-5 

1ˆ
spn  3E-5, 5E-5 

ˆsn
  2 3,0,4 3   ˆsn  2 3,0,4 3   1

ˆspn  2 3,0,4 3   
1

ˆspn
 . 2 3,0,4 3   

ˆ
r  3E-5, 7E-5 ˆ

r  3E-5, 7E-5 
1ˆ
rpn  3E-5, 5E-5 

1ˆ
rpn  3E-5, 5E-5 

ˆrn
  2 3,0,4 3   ˆrn  2 3,0,4 3   1

ˆrpn  2 3,0,4 3   
1

ˆrpn
  2 3,0,4 3   

Amplitude modulations 

Here, ME of 16 μmsE   and 50 μmrE   are applied 

to the sun gear and ring gear for both stage while all 0pnE  . 

The definitions of ,  ,  s r pnE E E  are given detailedly in Ref. 

[8]. The corresponding AM parameters in Eqs. (9a)-(12c) are 

listed in Table 2 while setting all the unlisted modulation 

parameters to 0. Two different values are listed in Table 2 of 
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s , the first one (0.40) is the dimensionless AM coefficient of 

first-stage, and the second one (0.50) is corresponding to 

second-stage. Similarly, the values of amplitude coefficients 
1 1 1 1,  ,  ,  ,  ,  ,  r s r spn rpn spn rpn        are listed. 

Predicted dynamic gear mesh force spectra 

   1 1,  sp rpF f F f   of first-stage at s pi  and r pi  meshes 

and    1 1,  sp rpF f F f   of second-stage at s pi  and r pi  

meshes are shown in Fig. 3. In these figures, the fundamental 

mesh frequencies of first-stage and second-stage are 675.2 Hz 

and 127.0 Hz, respectively. 

As illustrated in Figs. 3(a) and 3(b), sidebands at 

m m sf f f Z    (675.2±23.2 Hz) and m m rf f f Z    

(675.2±5.8 Hz) are evident respectively. These sidebands are 

caused by AM effects due to ME. The above sideband activities 

are highly consistent with those in Ref. [8]. Additional side-

bands appear at 1 m vetf f f   (675.2±23.2 Hz) associated 

with AM effects due to the FET. It is also noted here that no in-

termodulation is found between the FET and ME when only 

AM effects are present. Besides, the resultant spectra indicates 

that the amplitude (or energy) at fundamental mesh frequency 

remains constant with only AM effects. Similar sideband phe-

nomena can be found in force spectra of second-stage as illus-

trated in Figs. 3(c) and 3(d). 
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Fig. 3. Predicted dynamic gear mesh force spectra with only 

AM effects: (a)  1spF f , (b)  1rpF f , (c)  1spF f , (d) 

 1rpF f . 

The corresponding acceleration spectra are shown in 

Fig. 4. Only radial acceleration spectra at a fixed position on 

the second-stage ring gear are given here to demonstrate the 

characteristics of sideband activity. Similar to dynamic gear 

mesh force spectra, distinct sidebands appear around the 

first-stage as well as the second-stage fundamental gear 

mesh frequency in acceleration spectra. As illustrated in Fig. 

4(a), sidebands at m m sf f f Z    and m m rf f f Z    are 

evident when only AM effects due to ME are considered. 

Another additional sideband appears at 1

m vetf f f   due to 

AM effects of the FET. Sidebands around the second-stage 

fundamental gear mesh frequency are very similar to those 

around the first-stage fundamental gear mesh frequency. 

Figs. 4(a) and 4(b) also clearly indicate that simpler and 

less symmetrical sidebands are evident compared with those in 

dynamic gear mesh force spectra. One potential cause for this 

phenomenon is the cancellation or neutralization effect of gear 

mesh excitations due to planet mesh phasing. It is also observed 

from the spectra as illustrated in Fig. 4(a) that significant 

responses and sidebands appear in the vicinity of the first-stage 

fundamental gear mesh frequency. Such a phenomenon 

indicates that energy of first-stage flows into second-stage, in 

other words, there is a significant interaction between these two 

adjacent stages. 
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Fig. 4. Predicted radial acceleration spectra when only AM are 

present at a fixed position on the second-stage ring gear: (a) 

spectrum in the vicinity of the first-stage fundamental gear 

mesh frequency, (b) spectrum in the vicinity of the second-

stage fundamental gear mesh frequency. 

Frequency modulations 
Differing from the previous case, considering only FM 

effects in Eqs. (9a)-(12c), the same ME, namely 16 μmsE   

and 50 μmrE  , are used in this case. The corresponding FM 

parameters for this case are listed detailedly in Table 3. 

The resultant dynamic gear mesh force spectra are illus-

trated in Figs. 5(a)-5(d). Richer and more complex sideband 

structures are evident compared with those in the case of AM in 
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Fig. 3, especially in  1spF f  and  1rpF f  spectra. Taking 

the  1spF f  spectrum as an example, significant and almost 

symmetric sidebands appear at m m sf f f Z    ( : integer ) 

as a direct result of FM effects caused by ME. Here, besides the 

sidebands m m sf f f Z   , some additional sidebands ap-

pear at 1 m m s vet vetf f f Z f     . Such additional sidebands 

indicate that there is an obvious intermodulation between FM 

effects due to the FET and FM effects due to ME. Fig. 5(a) also 

clearly indicates that some energy of the first-stage fundamen-

tal gear mesh frequency is distributed to its surrounding side-

bands resulting in a decrease amplitude of the gear mesh force 

at the first-stage fundamental gear mesh frequency. Moreover, 

qualitatively similar sideband activities appear in   ,rpnF t  

  ,spnF t   rpnF t  spectra. 
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Fig. 5. Predicted dynamic gear mesh force spectra with only 

FM effects: (a)  1spF f , (b)  1rpF f , (c)  1spF f , (d) 
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Fig. 6. Predicted radial acceleration spectra when only FM are 

present at a fixed position on the second-stage ring gear: (a) 

spectrum in the vicinity of the first-stage fundamental gear 

mesh frequency, (b) spectrum in the vicinity of the second-

stage fundamental gear mesh frequency. 

The corresponding acceleration spectra are shown in Figs. 

6(a) and 6(b). Similar to gear mesh forces shown in Figs. 5(a) 

and 5(b), additional sidebands appear at 
1 m m s vet vetf f f Z f      in addition to the ones at 

m m sf f f Z    as illustrated in Fig. 6(a). This phenomenon 

indicates again that there is an obvious intermodulation be-

tween FM effects due to the FET and FM effects due to ME. 

However, the symmetrical characteristic of sidebands in accel-

eration spectra is not as well as that in gear mesh force spectra. 

The resultant spectra also indicate that a significant interaction 

exists between these two adjacent stages. 

CONCLUSIONS 

Certain operating conditions such as fluctuation of the 

input torque to planetary gear sets were stated to cause 

additional sidebands in recent studies [10,11]. In order to 

investigate different modulation mechanisms with and without 

the fluctuated external torque as well as the combined influence 

of the fluctuated external torque and manufacturing errors on 

modulation sidebands, a simplified analytical model was 

proposed in this study. In this analytical model, gear mesh 

interface excitations in mesh-frequency zone are defined in 

Fourier series forms, and a time-varying coordinate 

transformation between the carrier of first-stage and the sun of 

second-stage to describe the coupling of the two adjacent 

stages. 

The predicted dynamic gear mesh force spectra and radial 

acceleration spectra at a fixed position on ring gear were both 

shown to exist well-defined modulation sidebands. Comparing 

with sidebands caused by manufacturing errors only, more 

complex sidebands appeared when taking both fluctuated 

external torque and manufacturing errors into account. An 

obvious intermodulation was found around the fundamental 

gear mesh frequency between the fluctuated external torque 

and manufacturing errors in the form of frequency 
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modulations, however, no intermodulation in the form of 

amplitude modulations. The symmetrical characteristic of 

sidebands in acceleration spectra was not as well as that in gear 

mesh force spectra. Additionally, the results indicated that some 

of the sidebands are cancelled out in radial acceleration spectra 

mainly due to the effect of planet mesh phasing, especially 

when only amplitude modulations are present. 
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